12-6 Circular and Periodic Functions

CCSS STRUCTURE The terminal side of angle
0 in standard position intersects the unit circle

at each point P. Find cos @ and sin 6.

(15 &)

1. P .
AT 17,

SOLUTION:
15 8
L1717

‘l')

= P(cosf,sin8)

cosfd = I: sinf? = i
17 17

\-'E V2
i
SOLUTION:
L
p _%“T“ = P(cos@.sind)
A 5
cosi = \lnj_ sinf = \l;_

Determine the period of each function.

SOLUTION:

The pattern repeats after 2, 4, 6, 8,... units. So, the
period of the function is 2.
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SOLUTION:

The pattern repeats after 4z, 8z, ... units. So, the
period of the function is 4.

. SWINGS The height of a swing varies periodically

as the function of time. The swing goes forward and
reaches its high point of 6 feet. It then goes
backward and reaches 6 feet again. Its lowest point
is 2 feet. The time it takes to swing from its high
point to its low point is 1 second.

a. How long does it take for the swing to go forward
and back one time?

b. Graph the height of the swing h as a function of
time t.

SOLUTION:

a. It takes 4 seconds for the swing to go forward and
back one time.

b. Sample answer: Let the x-axis represents the time
and the y-axis represents the height in feet.

The maximum point is 6 ft, and the minimum point is
2 ft.

It takes 1 second to reach from the maximum to the
minimum. So, period is 2 seconds.

Height of
Swing (ft)
il il
§

Time (s)
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12-6 Circular and Periodic Functions

Find the exact value of each function.

-~

. 13x
6. sin

SOLUTION:

13 L (ro12m)
SM—=s51Mm| —+—
i) \ 0 6

.
=5In=

b | —

7. sin (—60°)

SOLUTION:
sin(—60°) = —sin 60°

=
N2

2

8. cos 540°

SOLUTION:

cos540° = un]:-i{,"if}ﬂ" +1 E['.l“}l
=cos |80
=]
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10.

11.

The terminal side of angle @ in standard

position intersects the unit circle at each point

P. Find cos 8 and sin .

f?[.fj._.._..%_

V10 10

SOLUTION:

P{i —i = P(:,u;t’)‘ sin H‘]
10 10/

3
c0sf = — or =
10 5

ﬂinf‘,ﬂ=—i or —i_
3

p[ 10 _ ?__]

L 26 26
SOLUTION:
P[—E —;4 = P(cosf.sin )

26 26)
] 5
cosld = —— or o L
26 13
7 7
sinf! = ——4 or —]—
26 13

{8

2 vl
SOLUTION:
.ﬂ["“ : |—.”(cmﬁ sind)
3% |
cosl = ﬂ
2
) 1
sinf! =—
2
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12-6 Circular and Periodic Functions

J‘

\, J
SOLUTION:
tr J_W = P(cosd,sind)

.f

12. P

cos =

sintd =

wlf—amlr-n

Determine the period of each function.

13.

SOLUTION:
The pattern repeats every 3 units. So, the period of
the given function is 3.

14.

SOLUTION:
The pattern repeats every 8 units. So, the period of
the given function is 8.
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SOLUTION:
The pattern repeats every 12 units. So, the period of
the given function is 12.

SOLUTION:
The pattern repeats every 6 units. So, the period of
the given function is 6.

17.

SOLUTION:
The pattern repeats every 180°. So, the period of the
given function is 180°.
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12-6 Circular and Periodic Functions

¥

ANWA
VX

SOLUTION:

The pattern repeats every 2z units. So the period of

the given function is 2.

19. WEATHER In a city, the average high temperature
for each month is shown in the table.

Average High Temperatures
Temperature Temperature
e = | month o
Jan 3 Juy 85
Feb. 41 Al )
Mar. 52 gL 78
Apr. 7] o 6
May ™ Mow., 52
Jan. &2 Dec. 41

Saures: The Weaathesr Charmal

a. Sketch a graph of the function representing this

situation.

b. Describe the period of the function.

SOLUTION:

a.

Temperature (°F)

b. The period of the function is 12 months or 1 year.

Average High Temperatures
4y
a0+
80
704
60
50
40
30
20
104
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Find the exact value of each function.

. Im
20. 5 —

A
SOLUTION:
Mmoo [r: ﬁ'.n:]
SIN— =5 —+-—

b ] ] A

. I
=5INn =
A3
i

21. cos(—607)

SOLUTION:
cos(—60%) = cos 60~

22. cos 450°

SOLUTION:

cos450° = cos(90° + 360°)

= ¢cos90°
=10

,x
23, sin—
4

SOLUTION:
. =
51N —— = 5in

4 4 4

. am
=5INn-

2

_+_

: [31! 8
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12-6 Circular and Periodic Functions

24. sin (—45°)

SOLUTION:
sin(—45%) = —sin 45°
2

~

25. cos 570°

SOLUTION:
cos 3T = 1::‘):;(3 10 —36ﬂ°]

=¢os210°
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26. CCSS SENSE-MAKING In the engine at the

right, the distance d from the piston to the center of
the circle, called the crankshatft, is a function of the
speed of the piston rod. Point R on the piston rod
rotates 150 times per second.

a. ldentify the period of the function as a fraction of
a second.

b. The shortest distance d is 0.5 inch, and the longest
distance is 3.5 inches. Sketch a graph of the function.
Let the horizontal axis represent the time t. Let the
vertical axis represent the distance d.

SOLUTION:

a. The period is the time it takes to complete one
rotation.
So, the period of the function as a fraction of a

oA
second is —.
150

b. Sample answer:
The maximum distance d 3.5 inches, and the
minimum distance d is 0.5 inch.

ad
44
3.1
5.4
‘|_
—
0 E A E L
L 150 150
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12-6 Circular and Periodic Functions

27. TORNADOES A tornado siren makes 2.5 rotations

per minute and the beam of sound has a radius of 1
mile. Ms. Miller’s house is 1 mile from the siren. The
distance of the sound beam from her house varies
periodically as a function of time.

a. ldentify the period of the function in seconds.

b. Sketch a graph of the function. Let the horizontal
axis represent the time t from 0 seconds to 60
seconds. Let the vertical axis represent the distance
d the sound beam is from Ms. Miller’s house at time
t.

SOLUTION:

a. The period is the time it takes to complete one
rotation.
So, the period of the function in seconds is

60
—r 24 seconds.

b. Sample answer:

\d
.
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28.

29.

FERRIS WHEEL A Ferris wheel in China has a
diameter of approximately 520 feet. The height of a
compartment h is a function of time t. It takes about
30 seconds to make one complete revolution. Let the
height at the center of the wheel represent the height
at time 0. Sketch a graph of the function.

SOLUTION:
Sample answer:

Period of the function is 30 seconds.

260 4
o 1\/5:' 4\_/&' f
— 260 4+

MULTIPLE REPRESENTATIONS The
terminal side of an angle in standard position
intersects the unit circle at P, as shown in the figure.

a. GEOMETRIC Copy the figure. Draw lines
representing 30°, 60°, 150°, 210°, and 315°

b. TABULAR Use a table of values to show the
slope of each line to the nearest tenth.

c. ANALYTICAL What conclusions can you make
about the relationship between the terminal side of
the angle and the slope? Explain your reasoning.

SOLUTION:
a.
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12-6 Circular and Periodic Functions

. 1 W pAl
" /e
=1 [#) 1 x =1 [3) X
-1 -1
ity 1Y
KR S
X -1 1 [E]
—/ £p —/
-1

ral
_1Q
—1

1

1
315°
e o 1x
|
F
=1

b.
Angle | Slope
30 0.6

60 1l
120 | 1.7
150 | 0.6
210 | 06
315 -1

c. Sample answer: The slope corresponds to the

tangent of the angle. For 6 = 120°, the x-coordinate

=
e 3

. | il . £
of P is —— and the y-coordinate is s ; slope =
o) )

change iny . | .
——————— . Since change in x =—— and change in
change inx 2

'._ \."':'.u |' 1) —
y=——, slope = | ; =~—+/3 or about —1.7.

i = 5
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30. POGO STICK' A person is jumping up and down

on a pogo stick at a constant rate. The difference
between his highest and lowest points is 2 feet. He
jumps 50 times per minute.

a. Describe the independent variable and dependent
variable of the periodic function that represents this
situation. Then state the period of the function in
seconds.

b. Sketch a graph of the jumper’s change in height in
relation to his starting point. Assume that his starting
point is halfway between his highest and lowest
points. Let the horizontal axis represent the time t in
seconds. Let the vertical axis represent the height h.

SOLUTION:

a. Sample answer: Independent variable: time tin
seconds.
Dependent variable: height h in feet;

. L
The period of the function is 0 or 1.2 second.

b.

Find the exact value of each function.

. cos 45° — cos 30°

SOLUTION:

Wi

cosd3® —cos30° =

<
‘|“"|w‘|
£

<
I
|
Ed
teg] B2

bt
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12-6 Circular and Periodic Functions

32. 6(sin 30°)(sin 60°)

SOLUTION:

2
33. 2sin 4—“—300&1”—“
3 i)
SOLUTION:
2sin ax —3::05‘- Iz =25in{1r+ t]—Scos(Err— =
3 6 | 3 6)
= -2sin= - 3cos—
3 6
A2
| 2 2
_23-343
———
543

-

2n 1.
34, ::us[——} +—5In3n
3 3

SOLUTION:

in P n 1. 2
cos| —= |+ —sin3m =cos=— + —sin(m+ 2n)
3 3 3 3
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35.

36

(sin 45°)2 + (cos 45°)2
SOLUTION:
1 1 2 : 2
(sin45°) (cos45°) = [£J % [E]
2 2
1
=—4—
2 2
=]
(cos30%)cos1507)
’ sin315°
SOLUTION:
(c0s30°)(cos150°)  (cos30°)cos(180°-30%))
sin315° - sin[3ﬁﬂ° - 45°)
~ cos30°(-cos30°)
B ~s5in45°
V3 B3]
2 )\ 2)
- V2
WR:
s
3 2
= _Ex _ﬁ
= Z\E
"1
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12-6 Circular and Periodic Functions

37. CCSS CRITIQUE Francis and Benita are finding

...']'[ R
the exact value of cos—. Is either of them correct?

5]
Explain your reasoning.

Frmhds

SOLUTION:
Benita is correct.

. =T
Francis incorrectly wrote cos—=—cos
2
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.,
- "

3

38. CHALLENGE A ray has its endpoint at the origin

39.

{ {= '\I
of the coordinate plane, and point 7 é.— ‘:}
\ = = 7
on the ray. Find the angle 6 formed by the positive x-
axis and the ray.

lies

¥
x oM g *
1 3
Pt~
SOLUTION:
/ =

P }] }’I;;J- = P(cosd,sind)

\ = =

cosd = -]
2
=60
|":
sin@ = -
= —60

In Quadrant IV, cosines will have positive values and
sines will have negative values. So, the angle & is —
60°.

REASONING TIs the period of a sine curve
sometimes, always, or never a multiple of ? Justify
your reasoning.

SOLUTION:
The period of a sine curve is sometimes a multiple of
n. The period of a sine curve could be % , Which is

not a multiple of =.
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12-6 Circular and Periodic Functions

40.

41.

42.

OPEN ENDED Draw the graph of a periodic
function that has a maximum value of 10 and a
minimum value of —10. Describe the period of the
function.

SOLUTION:
Sample answer:

AN,
YAVE

0

—10+4

1

period: 2

WRITING IN MATH Explain how to determine
the period of a periodic function from its graph.
Include a description of a cycle.

SOLUTION:

The period of a periodic function is the horizontal
distance of the part of the graph that is nonrepeating.
Each nonrepeating part of the graph is one cycle.

SHORT RESPONSE Describe the translation of

the graph of f (x) = x° o the graph of g(x) = (x + 4)2
-3.

SOLUTION:

Sample answer: Move the graph of f (x) 4 units to the
left and 3 units down to obtain the graph of g(x).
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43. The rate of population decline of Hampton Cove is

modeled by P(t) = 24,000e %% \where t is time in

years from this year and 24,000 is the current
population. In how many years will the population be
10,0007

Al4
B 104
C 137

D 375

SOLUTION:

Substitute 10,000 for P(t) in the equation and solve
for t.

P(1) = 24000

10000 = 24000
10000 4 e
24000
210000 _ - oo0ss
24000
= 0.0064¢
137 =1

After about 137 years the population will be 10,000.

Option C is the correct answer.
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12-6 Circular and Periodic Functions

44. SAT/ACT 1fd?+8=21 thend®—8=

45.

FO
G5
H 13
J3l

K 161

SOLUTION:
d*+8=121

d* =13
Substitute 13 for d2.

d*-8=13-8

=5

So, G is the correct option.

STATISTICS If the average of three different
positive integers is 65, what is the greatest possible
value of one of the integers?

A 192
B 193
C 194

D 195

SOLUTION:

The sum of three different positive integers is 195.
So, the greatest possible value of one of the integer is
192 (195 - (1 + 2)).

A is the correct option.
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46. GRIDDED RESPONSE 1If 8xy + 3 = 3, what is
the value of xy?

SOLUTION:
Bxy+3=3
Bxy=10
xp=10

Solve each triangle. Round side lengths to the
nearest tenth and angle measures to the
nearest degree.

8
,,,»«"HSE"-"\.._ 8
’f___,f""'
47 A 14 G
SOLUTION:

Use the Law of Sines to find the measure of
angle <A .

sind  sin&2
3 14
) 8sin82
sin.d=— i
14
| =34

Find the measure of (",

ZC =180 —(34 +82)
=64

Use the Law of Sines to find c.

sin 64 q_:;inR."_*

—
__vl-lsinﬁ-l
7 sin82

c=l12.7
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12-6 Circular and Periodic Functions

SOLUTION:

Use the Law of Cosines to find the missing side
length.

g =h +¢" —2becos A
a =13 +6° - I{Ifi}{ﬁ}unﬁl 10
i =16.1

Use the Law of Sines to find a missing angle
measure.

sinB _sinl 10
13 16.]

13sinl10
16.1

sinff =

B =49
Find the measure of (",

ZC =180 (49 +110 )

=21
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49.

SOLUTION:

Use the Law of Sines to find the measure of angle

28,

sinff sinl 18

ETHT:

1lsinl 18
18

sin B =

B =33
Find the measure of ¢,

ZC=180 —(118 +33 )
29

i

Use the Law of Sines to find c.

5in 29 _r:;in]lﬂ
T
lehﬁi?
FTYIT
c=99
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12-6 Circular and Periodic Functions

Determine whether each triangle has no 51.A=46°a=10,b=8
solution, one solution, or two solutions. Then
solve the triangle. Round side lengths to the

nearest tenth and angle measures to the SOLUTION:
nearest degree. Since 1 is acute and a > b, there is one solution.
50.A=72°,a=6,b=11 Use the Law of Sines to find m.<8 .

SOLUTION: Hiﬂ A L :iil'l I

. . . . b
Since £ is acute and a < b, find h and compare it 5 o :
to a. sind6_ sin B

] 8

h=hsin A S Ssind6

=11sin72 10

=10.5 B=35
Since 6 < 10.5 or a < h, there is no solution. Find the measure of ~C".

ZC =180 —(46 +35)
=00

Use the Law of Sines to find c.

sind6 wsiﬂf}@
10 ¢
. 105in99
" sind6

c=13.7
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12-6 Circular and Periodic Functions

52.A=110°a=9,b=5 54. What is the probability that there will be at least 7
successes?
SOLUTION:
Because <4 is obtuse and a > b, one solution exists. SoLuTI O’_V_"
The probability that at least 7 successes
Use the Law of Sines to find m.28 . i510C5(0.7) (03) + .ot 4Gy (0.7) (03)'.
sind _sinf That is approximately 0.6496.
a b
sinl 10 sin & .
T 55. What is the expected number of successes?
5
) Ssinl 10
L SOLUTION:
B3l Expected value of binomial distribution.
Find the measure of £ . E(X)=np
=10(0.7)
ZC =180 (110 +31) =7

o D
=37 The expected number of success is 7.

Use the Law of Sines to find c.

sind  sinC
a ¢
sinl10 sin39
9 ¢
~9sin39
~sinll0
c=0.0

A binomial distribution has a 70% rate of
success. There are 10 trials.

53. What is the probability that there will be 3 failures?

SOLUTION:
The probability of a success is 0.7.

The probability of a failure is 1 — 0.7 or 0.3.

The probability of 3 failures is € (0.7)"(0.3) or
about 0.267.
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12-6 Circular and Periodic Functions

56. GAMES The diagram shows the board for a game

in which spheres are dropped down a chute. A
pattern of nails and dividers causes the disks to take
various paths to the sections at the bottom. For each
section, how many paths through the board lead to
that section?

SOLUTION:
Look at the fourth row of Pascal’s triangle.

So, for each section they have 1, 4, 6, 4, 1 paths
which lead to the section at the bottom.

eSolutions Manual - Powered by Cognero

57. SALARIES Phillip’s current salary is $40,000 per

year. His annual pay raise is always a percent of his
salary at the time. What would his salary be if he got
four consecutive 4% increases?

SOLUTION:
The recursive formula is a,=a, ,+(a, , »0.04).

e |

a = $40.000

a, = 40,000 + (40,000 0.04) = $41,600

@, = 41,600 + (41,600 % 0.04) = $43.264

ay, = 43,264 + (43,264 0.04) = $44,994.56

ag = 44,994.56 + (44,994.56 x 0.04) = $46,794.34

His salary would be $46,794.34.
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12-6 Circular and Periodic Functions

Find the exact solution(s) of each system of
equations.

58.y=x+2
y =x"
SOLUTION:

Substitute x° for y in the equationy = x + 2 and solve

for x.

=x+2
_x=-2=0
{.1'—]]{1'{«1}—{]

-

x=2 ar -1

Substitute 2 and —1 for x in anyone of the equation
and find the respective y values.

y=x+2
y=242
y=4d
y=x+2
y==14+2

The solutions of the system are (2, 4) and (-1, 1).
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59. 4x +y2 =20

4% + y2 =100

SOLUTION:

Solve the system of equations. Subtract both the
equations.

4x* + " —(dx+y7)=100-20
4x" —4x=80
¥ -x=20=0
(x-5)(x+4)=0
x=50r -4

Substitute 5 and —4 for x in anyone of the equation
and find the respective y values.

4x+)y =20
4(5)+ )" =20
20+ y* =20
V=0
y=0
dx+y" =20
4(—4)+y" =20
-16+ 3" =20
y' =36
y=16

The solutions are (5, 0) and (—4, £6).
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12-6 Circular and Periodic Functions

Simplify each expression. ap)
240 2. 111
60. - 9 _
- il
4
SOLUTION
SOLUTION: a1 0()
240 240 T
‘i—s‘__' Ty ‘_4
4 4 90
*341} PR
== -
4 b
=240 4 =Bl
=0a() =120
61. L,
-
3
SOLUTION:
180 180
_]_I‘ 5
3 013
180
5
3
=180x=
5
=108
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